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Abstract. Structural identifiability answers the theoretical question of which parameter combinations of a5
mathematical model can be uniquely recovered from ideal, noise-free input–output data. However,6
in many biological applications, systems may operate in near-limiting conditions (e.g. slow-fast7
systems). Structural identifiability has been long studied on biological systems, such as those rep-8
resented by linear compartment models, but the effects of singular parametric limits on a model’s9
structural identifiability have received less attention. In this work, we investigate how structural10
identifiability of linear compartment models is affected under singular limits in which a single pa-11
rameter is sent to infinity. Such limits induce a collapse of the underlying graph that resembles12
an edge contraction and results in a reduced model, potentially changing the identifiability of the13
system in the process. Here, we show that for linear compartmental models, the limit and the14
transfer function commute—namely that the transfer function of the original model converges to15
the transfer function of the collapsed model under the infinite limit of a single parameter. From16
this result, we can identify which parameter combinations survive the singular limit and characterize17
the resulting changes to model identifiability, particularly the degeneracies that result and lead to18
parameter insensitivity. We illustrate these results on several families of linear compartment models,19
including mammillary, catenary, and cyclic networks, and discuss connections to model reduction20
and the geometry of parameter space under asymptotic limits.21
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1. Introduction. A central challenge in mathematical modeling of biological systems lies25

in parameter estimation. The parameters which govern a model’s dynamics, such as rate26

constants or compartment volumes, are seldom directly observable and often must instead27

be inferred from experimental measurements of other variables from the dynamical system28

represented by the model. Before attempting to infer parameters, we must deduce whether29

the model structure allows parameters to be recovered from input-output data [5, 19, 44, 45].30

This principle is known as structural identifiability [5, 19]. A model is (globally) structurally31

identifiable if its parameters are uniquely recoverable from ideal, noise-free input-output data.32

Structural identifiability is a prerequisite for practical identifiability, so evaluating whether or33

not a model is structurally identifiable is a necessary step in parameter estimation.34

Many different approaches to structural identifiability analysis have been developed [6, 14].35
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2 S. J. HAQUE, M. EISENBERG

A successful approach to identifiability for polynomial and rational function ODE models is36

called the differential algebra approach [6]. The differential algebra approach can be used to37

determine a model’s overall identifiability, as well as to determine the identifiable parameter38

combinations in the event that the model is unidentifiable. The differential algebra approach39

is a very general method for assessing a model’s identifiability, with applicability to both40

linear and nonlinear models and assuming generic initial conditions. However, the symbolic41

calculations needed are often computationally expensive for larger models [6]. For linear42

models, identifiability can be determined globally via a transfer function approach and other43

linear algebraic methods [1, 14]. While the transfer function approach is more constrained44

than the differential algebra approach, namely due to its limited applicability to linear models45

and typical assumption of zero initial conditions, it can be a more accessible and quicker46

method from a computational perspective.47

Compartment models enjoy a long history of providing a mathematical framework for an48

extremely wide range of applications [1, 35], and are often assessed for structural identifiability49

[2, 18, 20, 21, 22, 43], commonly utilized in fields such as pharmacokinetics [20], epidemiology50

[17, 29], and ecology [34, 37]. While identifiability has been explored in other mathematical51

settings, such as partial differential equations [12, 40], compartment models have been espe-52

cially convenient and widely applicable to a broad array of biological contexts [17, 38]. Recent53

work has developed substantial advancements of the theory around the structural identifiabil-54

ity of linear compartment models [16, 31, 32], namely exploring the connections between the55

graph-theoretic structure of linear compartment models and the differential algebra approach56

[4, 8, 9, 13, 15, 23, 24, 30].57

Structural identifiability is typically established for a fixed model. However, many linear58

compartment models arising in practice admit timescale separation or fast-slow dynamics. An59

example from pharmacokinetics involves the different timescales for drug absorption and drug60

distribution to peripheral compartments or elimination [1]. Practically, these systems often61

have singular limits, which may alter the model structure and, consequently, the identifiability62

of its parameters. Such changes are not always clear from the original model alone, and the63

relationship between these singular limits and the model’s identifiability is not addressed in64

the current literature. It remains an open question how singular parametric limits affect a65

model’s identifiability, and whether existing methods like the transfer function or differential66

algebra approach are compatible with these limiting processes.67

Here, we examine this relationship between singular parametric limits and structural iden-68

tifiability on linear compartment models. We utilize a graph-theoretic construction developed69

by Haque et al. [26, 27] within the linear framework, which produces a reduced graph that70

resembles the system under such singular limits. We show that the limit of the coefficients of71

the transfer function as a single parameter goes to infinity converge to those of the reduced72

graph. We exploit the transfer-function approach because its numerator and denominator are73

polynomial functions of the model parameters with explicit spanning-forest formulas. This74

setting provides a natural algebraic and combinatorial framework for studying connections75

between structural identifiability and graph operations. Furthermore, this rational function76

expression provides a more convenient mathematical setting to explore how identifiable com-77

binations of parameters behave under singular limits. We then examine the effects of singular78

limits on catenary and mammillary models, classic classes of linear compartment models. We79
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begin below with some preliminaries that will establish the framework.80

2. Background. Consider a generic system of first order ODEs alongside an associated81

measurement equation:82

ẋ(t) = f(x, t,p,u),(2.1)83

y(t) = g(x, t,p),(2.2)84

where t represents time, x(t) ∈ Rn is the vector of state variables, u(t) ∈ Rm is the vector of85

experimental input functions, y(t) ∈ Rr is the vector of output/measurement variables, and86

p ∈ Rv is a vector of parameters. We denote x(0) as the initial condition of x(t), which as we87

will discuss below, we will assume for most of this paper to be equal to 0. Let us denote by p⋆ an88

arbitrary point in parameter space Rv. When talking generally about parameters of a model,89

we will sometimes refer to individual parameters within p as p. We assume f and g are rational90

functions of their arguments, and that u,y, and x are arbitrarily differentiable. Together, the91

collection of state equations, measurement equations, and any constraint equations comprises92

a model M(t,x,p,u,y). The model M(t,x,p,u,y) is structurally identifiable if it is possible93

to uniquely recover individual parameters p ∈ p from ”perfect” (i.e. noiseless) data. That is,94

a model is structurally identifiable if the model map Φ : p ↦→ y is injective. We thus view the95

model output y as a function of the parameters p and inputs u.96

2.1. Structural identifiability. We begin by providing formal definitions of identifiability:97

Definition 2.1. For a given model M with state equations ẋ and measurement equation98

y, with initial condition x(0) = 0, an individual parameter p ∈ p is uniquely (or globally)99

structurally identifiable if for almost every parameter value p⋆, the equation y(x, t,p⋆) =100

y(x, t,p) (for all admissible inputs u) implies p = p⋆. A parameter p ∈ p is said to be non-101

uniquely (or locally) structurally identifiable if for almost any p⋆, the equation y(x, t,p⋆) =102

y(x, t,p) implies that p has a finite number of solutions.103

Definition 2.2. For a given model M with state equations ẋ and measurement equation y,104

with initial condition x(0) = 0, an individual parameter p ∈ p is unidentifiable if for almost105

every parameter value p⋆, the equation y(x, t,p⋆) = y(x, t,p) (for all admissible inputs u)106

implies that p has an infinite number of solutions.107

Remark 2.3. We note that the above definition differs slightly from the usual definitions108

given in much of the literature based on the differential algebra approach [16]. Here, we109

assume initial conditions are specified to be zero, rather than being generic. This choice is110

to align with the typical practice using the transfer function approach, though we note that111

the generic initial condition case can be replicated here by assuming a delta function input to112

each compartment, multiplied by an unknown parameter, i.e. an input of the form piδ(t) to113

each compartment xi.114

Definition 2.4 ([16], Def. 2.2). A model M with state equations ẋ and measurement equa-115

tion y is uniquely structurally identifiable if every parameter p ∈ p is uniquely structurally116

identifiable. That is, the equation y(x, t,p⋆) = y(x, t,p) has exactly one solution p = p⋆.117

Equivalently, a model is uniquely structurally identifiable for a given output if and only if the118

map Φ : p ↦→ y is injective almost everywhere, i.e. if there exists a unique set of parameter119

values p⋆ which yields a given trajectory y(x, t,p⋆) almost everywhere.120
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4 S. J. HAQUE, M. EISENBERG

2.1.1. Indistinguishability. Next, we introduce a closely related concept that will be rele-121

vant to our work here, which illustrates the connection between uncertainty in the parameters,122

and uncertainty in the model structure itself. Let the set of output trajectories for a model123

given specified parameter values and inputs, but across all allowable initial conditions to be124

written as S (y).125

Definition 2.5 ([16], Def. 3.1). Two models M1 (t,u1,x1,y1,p1) and M2 (t,u2,x2,y2,p2)126

are said to be input-output equivalent, or indistinguishable if, given the same parameters127

and input functions, both models generate the same set of observed trajectories (for almost all128

parameter values). In other words, M1 and M2 are input-output equivalent if u1 = u2,p1 = p2129

implies S (y1) = S (y2). We write this as M1 ∼ M2.130

Lemma 2.6 ([16], Lem. 3.1). Models that are input-output equivalent have the same identi-131

fiability (i.e., the same parameters are (globally or locally) identifiable or unidentifiable), and132

they have the same identifiable parameter combinations.133

2.1.2. Insensitivity. Here, we introduce an important concept that we will use throughout134

this work, which we term unidentifiability by insensitivity. Insensitivity has been discussed135

in previous work on identifiability and sensitivity analysis [1], and illustrates a particularly136

pathological form of unidentifiability which we will explore further below.137

Definition 2.7. A model is unidentifiable by insensitivity if it has a parameter or a col-138

lection of parameters that do not have any effect on the output of the model. That is, for139

all admissible inputs u and for all t, the output y(t) remains constant as a single parameter140

p (or collection of parameters) varies. Equivalently, ∂y/∂p = 0 identically for all t and all141

admissible inputs u.142

By the transfer function approach, where we assume zero initial conditions, a model being143

unidentifiable by insensitivity is equivalent to that parameter or collection of parameters being144

structurally unidentifiable and not participating in an identifiable combination with any other145

parameter. A model that is unidentifiable by insensitivity may also be known as being state146

unobservable [1]. In this context, we recall that systems of ODEs typically have one set of n147

linearly independent solutions, or modes. Any such set of solutions is a fundamental set. It is148

possible for an ODE system to have invisible or hidden modes. This means that not all modes149

are detectable from data because some modes may not be visible in a particular output y(t)150

in response to an input u(t).151

If a linear compartment model is state unobservable, then this implies that the rank of the152

state variables is insufficient. That is, the solution contains fewer exponentials than the model153

has compartments. In most practical examples, if a linear compartment model is unidentifiable154

by insensitivity, then it is also state unobservable. The reverse is also typically true. However,155

there are some (usually trivial) examples where this may not be the case, e.g. if one has an156

identifiable model and appends a fully disconnected compartment with no parameters, then157

this model would be state unobservable but not unidentifiable by insensitivity.158

2.2. Linear compartment models. We introduce linear compartment models through a159

commonly used graph theoretic framework [8, 9, 13, 23, 24, 32].160

Definition 2.8. A linear compartment model M = (G, In,Out, Leak) is a directed labeled161
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graph G = (V,E) with no multi-edges together with three sets, In, Out, Leak ⊆ V . Each162

vertex i ∈ V corresponds to a compartment in the model, and each directed edge j → i ∈ E163

corresponds to a direct flow from compartment j to compartment i. Each edge j → i ∈ E is164

labeled with a parameter aij ∈ R≥0 with units time−1. For each i ∈ Leak, a0i > 0 denotes165

the leak rate from compartment i to the environment. The sets In,Out, Leak ⊆ V represent166

sets of input compartments, output compartments, and leak compartments, respectively. We167

assume Out ̸= ∅, as models without outputs are not identifiable.168

It is often also useful to explicitly include the “0” compartment representing a common169

sink for all leaks in the graph, denoted the leak-augmented graph [23, 24]. We note that this170

additional “compartment” need not represent any real mechanistic process, but rather is often171

used for bookkeeping purposes when working with linear compartment models.172

Definition 2.9. A leak-augmented graph ˜︁G is an auxiliary graph obtained from the graph173

G of a linear compartment model M = (G, In,Out, Leak) by adding a new node labeled by 0.174

We call this new node the leak node. For every j ∈ Leak, we redirect the former leak edges175

into 0; that is, the leak edges in G become edges j → 0 in ˜︁G with label a0j.176

Linear compartment models are typically represented in matrix form:177

Definition 2.10. For an n-compartment linear compartment model M = (G, In,Out, Leak)178

(i.e. #V = n), the compartmental matrix A ∈ Rn×n is defined entry-wise as follows,179

(2.3) Ai,j =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−a0i −

∑︁
k:i→k∈E aki i = j, i ∈ Leak,

−
∑︁

k:i→k∈E aki i = j, i /∈ Leak,

aij i ̸= j, (j, i) ∈ E,

0 i ̸= j, (j, i) /∈ E.

180

181

Definition 2.11 (Input–output linear compartment ODE system). Given a linear compartment182

model M = (G, In,Out, Leak) with compartmental matrix A ∈ Rn×n, we consider the linear183

ODE system184

ẋ(t) = Ax(t) +Bu(t),(2.4)185

y(t) = Cx(t),(2.5)186

where x(t) ∈ Rn is the state vector, u(t) ∈ Rm is the input vector, y(t) ∈ Rr is the output187

vector, B ∈ Rn×m is the input matrix, and C ∈ Rr×n is the measurement matrix.188

The model in Def. 2.11 is written generally for a MIMO (multiple input multiple output)189

model. For a SISO (single input single output) model, we typically take B to have a single190

nonzero column corresponding to the single input vertex in In, and C as a single nonzero row191

vector corresponding to the single output vertex in Out ⊆ V . That is, #In = #Out = 1.192

Example 2.12. Consider the cyclic model on the left side of Fig. 1. G is given by the193

complete graph on 3 vertices. Let In = {1}, Out = {1}, and Leak = {1, 2, 3}. All together,194

we write this linear compartment model as M = (G, {1}, {1}, {1, 2, 3}). Because #In = 1195

and #Out = 1, we call this model a single-input single-output (SISO) model. On the right196

side of Fig. 1, we illustrate the leak-augmented graph ˜︁G, which contains the new node 0 and197
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6 S. J. HAQUE, M. EISENBERG

Figure 1: A three-compartment cyclic model with a fully reversible cycle, leaks from every
compartment, and a time-varying input u(t) and measurement function y = x1. On the right,
the leak-augmented graph.

all leaks in G are directed into 0. In this example, m = 1 and r = 1. With that in mind, we198

convert our ODE system into state form. For a SISO model, the matrices B and C are single199

column and row vectors, respectively. The compartmental matrix A is given below.200

ẋ(t) = Ax(t) +Bu(t)201

=

⎡⎣−(a01 + a21 + a31) a12 a13
a21 −(a02 + a12 + a32) a23
a31 a32 −(a03 + a13 + a23)

⎤⎦⎡⎣x1(t)x2(t)
x3(t)

⎤⎦+

⎡⎣10
0

⎤⎦u(t)202

y(t) = Cx(t), =⇒ y(t) =
[︁
1 0 0

]︁ ⎡⎣x1(t)x2(t)
x3(t)

⎤⎦ = x1(t) .203

204

2.3. Transfer functions. For linear time-invariant systems, it is often convenient to re-205

place the full state-space representation by a reduced description of the input-output behavior.206

From control theory and linear systems analysis, a common representation of this behavior is207

given by the transfer function [7]. The transfer function encodes the response of the system208

to inputs, under the assumption of zero initial conditions. While originally developed in engi-209

neering systems and signals applications, they have seen broad usage for assessing parameter210

identifiability in linear compartment models [1].211

Definition 2.13 (Transfer function matrix). Given an ODE system by Eqs. (2.4)- (2.5), the212

transfer function matrix is given as,213

(2.6) HM(s) = C (sI −A)−1B .214
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Remark 2.14. The transfer function is determined by the Laplace transform solution of the215

linear state space system, and lives in the Laplace domain in terms of the complex frequency216

parameter s. It is a rational function of the Laplace transform of the output Y (s) = L {y(t)}217

divided by the Laplace transform of the continuous-time input signal U(s) = L {u(t)},218

(2.7) H(s) =
Y (s)

U(s)
=

L {y(t)}
L {u(t)}

.219

2.3.1. Structural identifiability with transfer functions. The transfer function plays an220

analogous role to the model map; it directly encodes a map from inputs u to outputs y. Once221

determined, a transfer function can be used to evaluate how the system will respond to any222

given input. Transfer functions also have great utility in evaluating identifiability for linear223

compartment models [1, 3, 36]. Each element of the transfer function matrixHr,q(s) represents224

an experiment performed on the system at input compartment q and output compartment225

r [1]. Performing such an experiment on the system can be determined by analyzing the226

input-output pairs encoded by entries of H(s) [2, 1], and it can be shown rigorously that the227

coefficients of the transfer function encode the identifiable combinations of parameters [36].228

The overall problem of structural identifiability is an inherently algebraic one, which mo-229

tivates the development and implementation of the differential algebra approach. While the230

transfer function approach is more limited in its applicability, as it requires that the system231

be linear and assumes zero initial conditions, its compact structure can make assessments of a232

model’s structural identifiability more accessible. A complete transfer-function identifiability233

calculation for a two-compartment model is provided in Sec. S2, and we show the calculation234

for the 3-compartment model below.235

Example 2.15 (Transfer function approach to the full 3-compartment model).236

From the cyclic model in Ex. 2.12, we obtain the transfer function matrix HM(s) directly237

from the ODE system in state space, HM(s) = C [sI −A]−1B. We can simplify the model238

equations with the following variable changes to represent the sums of outflows from each239

compartment, a11 = a01+ a21+ a31, a22 = a02+ a12+ a32, and a33 = a03+ a13+ a23. Because240

the input u1(t) and output y1(t) are both localized to compartment 1, the transfer function241

for the cyclic model in Fig. 1 has a single entry, HM
1,1(s), which is given by,242

(2.8) HM
1,1(s) =

(a22a33 − a23a32)− a22a33s− s2

α1 + β1s+ γ1s2 − s3
,243

where,244

α1 = a13a22a31 + a12a23a31 + a13a21a32 + a11a23a32 + a12a21a33 − a11a22a33 ,245

β1 = a12a21 − a11a22 + a13a31 + a23a32 − a11a33 − a22a33 ,246

γ1 = −a11 − a22 − a33 .247

Each transfer function HM
r,q(s) represents the results of the input-output experiment with248

input from compartment q and output from compartment r. The transfer function HM
1,1(s)249

reveals the identifiable parameter combinations of our model. For example, we can see from250

Eq. (2.8) that γ1 = −(a11 + a22 + a33) is an identifiable combination of parameters. α1, β1,251
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8 S. J. HAQUE, M. EISENBERG

and γ1 are all identifiable combinations of parameters for this model, as well as a22a33 and252

a22a33 − a23a32. One can also see that α1, β1, and γ1 are all symmetric polynomials that253

correspond to sums of principal minors.254

This shows explicitly that each entry HM
i,j (s) is a ratio of a polynomial in s whose coeffi-255

cients are polynomial functions of the parameters, divided by the characteristic polynomial.256

In particular, the parameter dependence of HM(s) is entirely encoded in the coefficients of257

these polynomials, which we will use to study structural identifiability.258

2.3.2. Graph-theoretic interpretation of transfer function. While linear compartment259

models provide the standard framework to investigate structural identifiability, there are other260

graph-based models on which people have considered similar questions.261

Definition 2.16. A rooted tree is defined here as a directed graph in which each vertex262

except one has exactly one edge that exits it. The exception is the root vertex, from which no263

edges leave. A rooted tree also must contain a directed path to the root from each other vertex.264

A vertex is a trivial tree rooted in itself.265

Definition 2.17. A spanning rooted tree of a directed graph is a subgraph which is a rooted266

tree and contains all vertices of the entire graph.267

Definition 2.18. A forest is a disjoint union of rooted trees. Its weight is equal to the268

product of the weights of its trees. A spanning forest of a directed graph is a subgraph that is269

a forest and contains all vertices of the graph.270

Proposition 2.19 (Roelant et al. 2010 [39], Rule 1.). Consider a linear compartment model271

M = (G, In,Out, Leak) with leak-augmented graph ˜︁G, compartment matrix A, a single input272

in compartment q and single output in compartment r. The transfer function Hr,q(s) can be273

written as274

(2.9) HM
r,q(s) =

Nr,q( ˜︁G, s)

D( ˜︁G, s)
=

∑︁n−lr,q−1
k=0 sk nk( ˜︁G)∑︁n

k=0 s
k dk( ˜︁G)

,275

where the coefficients of D and Nr,q are weighted sums of rooted spanning forests of G. We276

denote by n = |V (G)|, lr,q the length of a shortest directed path from q to r in ˜︁G. Each dk( ˜︁G)277

is the weighted sum over spanning forests of ˜︁G with k+1 trees and each nk( ˜︁G) is the weighted278

sum of spanning forests with k + 2 trees, one of which is rooted at q and contains r.279

Remark 2.20 (Roelant et al. 2010 [39], Thms. 1 & 2). The polynomial D(s) is monic and280

of order n,281

(2.10) D(s) = sn + dn−1s
n−1 + · · ·+ d1s+ d0 ,282

and has all coefficients nonnegative. The polynomial Nr,q has degree exactly n − lr,q − 1, is283

monic,284

(2.11)

Nr,q(s) = sn−lr,q−1 + nn−lr,q−2s
n−lr,q−2 + · · ·+ n1s+ n0

=

n−lr,q−1∑︂
k=0

nks
k, nn−lr,q−1 = 1 .

285
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and has all coefficients nonnegative.1286

Remark 2.21. We note that the numerator and denominator as computed directly from287

C(sI−A)−1B follow the standard convention of DiStefano [1], which is derived from the control288

theory literature and where coefficients may carry negative signs. Expanding the coefficients289

in the original parameters aij recovers the nonnegative condition on the coefficients required290

by Prop. 2.19 and Rmk. 2.20291

We now take a moment to prove the short lemma below, which discusses how a lack of292

paths in ˜︁G from input to output results in a loss of identifiability.293

Lemma 2.22. Consider a linear compartment model M = (G, In,Out, Leak). Suppose294

that, in G, there is no directed path from any input vertex q ∈ In to any output vertex295

r ∈ Out. Then, HM
r,q = 0.296

Proof. By Prop. 2.19, HM
r,q(s) = Nr,q(s)/D(s), where each coefficient nk of Nr,q(s) is the297

weighted sum of spanning forests with k+2 trees in ˜︁G such that one is rooted at q and contains298

r. Such a tree exists only if there is a directed path from q to r. By the assumptions of the299

Lemma, no such path exists in in ˜︁G. Thus, no forest contributes to any coefficient nk and so300

Nr,q(s) = 0. Thus, HM
r,q(s) = 0, as required.301

3. Results.302

3.1. Asymptotic graphs and linear compartment models. Let aji ∈ R>0 be a single303

parameter of a linear compartment model, M = (G, In,Out, Leak). Suppose we take the304

limit aji → ∞ while holding all other parameters fixed. We model this limit as a topological305

change in the underlying linear compartment model, just as described for linear framework306

graphs in Def. 3.1. This operation on the graph produces an edge-contracted graph along307

the edge i → j in G, where vertex i, along with all of its outgoing edges, is eliminated308

from G. We call this new graph an asymptotic graph Ai,j [G], consistent with the notation309

introduced in Haque et al. 2026 [27]. Here we define the same construction as applied to linear310

compartment models. The corresponding construction in the linear framework, together with311

the relationship between its Laplacian dynamics and linear compartment models, is reviewed312

in Sec. SM1 of the Supplementary Information.313

Definition 3.1 (Haque 2024 [26], Haque et al. 2026 [27]). Let G = (V (G), E(G)) be a finite314

directed graph with labeled edges, and let aji be the rate associated with the edge i → j ∈ E(G).315

The asymptotic graph Ai,j [G] obtained by sending aji → ∞ is the graph on the vertices316

V(Ai,j [G]) = V(G) \ {i} whose labeled edges are defined from those of G as follows. Suppose317

k →G m. There are four mutually exclusive possibilities.318

• {k,m} ∩ {i, j} = ∅. Then k →Ai,j [G] m with rate amk, unchanged from G.319

• {k,m} ∩ {i, j} = {j}. There are two subcases.320

– k = j. Then k →Ai,j [G] m with rate amk, unchanged from G.321

– m = j. If there is no edge k →G i, then k →Ai,j [G] j with rate ajk. If there is322

an edge k →G i, then k →Ai,j [G] j with rate ajk + aik.323

1Roelant et al. prove formulation by way of an auxiliary kinetic graph K, obtained from ˜︁G by attaching
an s-labeled arc from each vertex to the sink and using the All-Minors Matrix-Tree Theorem. We omit this
intermediate construction since our results can be stated entirely in terms of ˜︁G.
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• {k,m} ∩ {i, j} = {i}. There are two subcases.324

– k = i. The outgoing edges i →G m do not give rise to any edges in Ai,j [G].325

– m = i. If there is no edge k →G j, then k →Ai,j [G] j with rate aik. If there is326

an edge k →G j, then k →Ai,j [G] j with rate ajk + aik.327

• {k,m}∩{i, j} = {i, j}. The edges i → j and j → i do not give rise to edges in Ai,j [G].328

There are no other edges in Ai,j [G]. We refer to the step in which the rates aik and ajk of the329

edges k → i and k → j in G are added to form the rate ajk + aik of the edge k → j in Ai,j [G]330

as amalgamation.331

Definition 3.2 (Asymptotic linear compartment model). Let aji ∈ R>0 be a single parameter332

of a linear compartment model, M = (G, In,Out, Leak). We define here the asymptotic333

linear compartment model M⋆ = (Ai,j [G], In⋆, Out⋆, Leak⋆). The asymptotic graph Ai,j [G]334

is given by the operation described in Def. 3.1. For linear compartment models, we note some335

additional alterations this construction can induce on the structure of G.336

• If i ∈ In, then aji → ∞ eliminates i and redirects all incoming edges/flows into j. As337

a result, In⋆ = (In ∪ {j}) \ {i}.338

• If i ∈ Out, then aji → ∞ eliminates i. As a result, Out⋆ = Out \ {i}.339

• If aji is a leak (i.e. j = 0), then any edges incoming to i are redirected to the 0 vertex,340

which is included in the leak-augmented graph ˜︁G. In terms of G, any edges incoming341

to i either are augmented onto existing leaks or become leaks.342

• If i ∈ Leak but j ̸= 0, then the edge a0i is treated as an outgoing edge from i and is343

thus eliminated under aji → ∞. Because the vertex i is eliminated, the leak-set of the344

resulting linear compartment model is Leak⋆ = Leak \ {i}.345

Example 3.3. Let’s consider again the 3-compartment model, and examine how the con-346

struction as defined by Def. 3.2 affects the graph depicted in Fig. 1 and its associated model M347

as a12 → ∞. This step-wise application of the asymptotic construction is depicted in Fig. 2.348

If a12 → ∞, then according to the construction, compartment 2 is eliminated and effectively349

merges with compartment 1. Now, we also eliminate the outgoing edges from compartment350

2 in the reduced graph. Finally, according to the amalgamation step, the edge incoming to351

2 from 3 gets combined with the already existing edges from 3 to 1, with the parameters352

summed together. Altogether, we obtain the resulting reduced graph. We obtained A1,2[G]353

from G by taking a12 → ∞, which is the graph for the “asymptotic” linear compartment354

model M⋆ = (A1,2[G], In⋆, Out⋆, Leak⋆). Because In = Out = {1}, neither the input nor the355

output were altered by the asymptotic construction.356

In conjunction with Lem. 2.22 and equipped with the asymptotic construction, we will357

now prove another short lemma about how sending a single parameter aji to ∞ results in a358

loss of identifiability in the case where Out = {i}.359

Lemma 3.4. If Out = {i} and aji → ∞, then limaji→∞HM
i,q (s) = 0.360

Proof. If Out is a singleton, then any paths from input vertices to output vertices are paths361

to i. By Def. 3.1, sending aji → ∞ destroys vertex i. Since Out = {i} and i is destroyed, then362

Out⋆ = ∅ in M⋆. Thus, there can be no path from any input vertex q ∈ In⋆ to any output363

vertex in M⋆. By Lem. 2.22, this implies that limaji→∞HM
i,q (s) = 0.364
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3-compartment model
Eliminate 

compartment 2 (and 
edges between 1 & 2) 

Eliminate outgoing 
edges from 

compartment 2

Add a23 to a21
(amalgamation)

Figure 2: The asymptotic construction applied to the 3-compartment model. The parameter
a12 is sent to ∞, and is marked in the original graph in blue.

3.2. Main result. The purpose of this work will be to understand how such a limit-365

ing procedure on linear compartment models affects its structural identifiability and how its366

identifiable combinations behave as a single parameter tends to infinity. We now are in a367

position to prove our main result, Thm. 3.5, which demonstrates how the identifiable param-368

eter combinations of a linear compartment model M converge to those of the corresponding369

asymptotic linear compartment model M⋆ under a singular parametric limit. We follow an370

argument similar in style to the main proof in S. J. Haque’s thesis [26], which was used to371

demonstrate that the steady states of strongly connected linear framework graphs converge372

to those of its asymptotic graph under the appropriate singular parametric limit. The linear373

framework provides graph-theoretic formulas for Markovian quantities as rational algebraic374

functions in the edge labels of the graph. Because, by Prop. 2.19, we have a graph-theoretic375

formula for the transfer function of a similar structure, a similar logic will apply in our proof376

of the transfer function. It is worth noting that previous work derived graph-theoretic for-377

mulas for the coefficients of the input-output equation [8]. However, the rational structure of378

the transfer function is helpful to us here as we take singular parametric limits; applying the379

same procedure to the coefficients of the input-output equation would result in parametric380

blow-up. Thus, it will require more thought to consider how to investigate the relationship381

between singular limits and the differential algebra approach. We speculate on this further in382

the discussion.383

Theorem 3.5. Let M = (G, In,Out, Leak) be a linear compartment model with transfer384

function HM
r,q(s). Let q ∈ In and r ∈ Out be any input and output compartments, respectively.385

Let aji ∈ R>0 be a parameter of M corresponding to the edge i → j ∈ E(G). Let aji → ∞386

and let M⋆ = (Ai,j [G], In⋆, Out⋆, Leak⋆) denote the asymptotic linear compartment model387

with transfer function HM⋆

r,q (s). Suppose that:388

1. i /∈ Out, and389

2. there exists at least one directed path from q to r in G that does not include any390

outgoing edge from i.391
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Then,392

(3.1) lim
aji→∞

HM
r,q(s) = HM⋆

r,q (s) .393

394

Proof. For ease of exposition, we will focus in this proof on the numerator coefficients nk.395

Because D(s) and Nr,q(s) are both polynomials with nonnegative coefficients obtained from396

weighted sums of spanning forests of ˜︁G, then whatever we assert for the coefficients of Nr,q(s)397

will also apply to those of D(s). By Prop. 2.19, we can write the transfer functions of both398

M and M⋆ as399

(3.2) HM
r,q(s) =

Nr,q( ˜︁G, s)

D( ˜︁G, s)
=

∑︁n−lr,q−1
k=0 nk( ˜︁G)sk∑︁n

k=0 s
kdk( ˜︁G)

,400

and,401

(3.3) HM⋆

r,q (s) =
Nr,q(Ai,j [ ˜︁G], s)

D(Ai,j [ ˜︁G], s)
=

∑︁(n−1)−l⋆r,q−1

k=0 nk(Ai,j [ ˜︁G])sk∑︁n−1
k=0 s

kdk(Ai,j [ ˜︁G])
,402

where l⋆r,q is shortest path length in Ai,j [ ˜︁G]. By assumptions (1) and (2), there exists a directed403

path from q to r that does not contain i, and hence survives in Ai,j [G]. Since the asymptotic404

edge i →G j can occur at most once in each spanning forest of ˜︁G, each weighted sum must be405

at most linear in its parameter aji. Let us separate the spanning forests of ˜︁G into two sets:406

those that contain the edge i →G j and those that do not. Let us define Θ+
k (

˜︁G) as the set of407

spanning forests in ˜︁G with k + 2 trees that contain the edge i → j,408

Θ+
k (

˜︁G) = {F ∈ Θk( ˜︁G) : i →F j} ,409

and Θ0
k(

˜︁G) as the set of spanning forests in ˜︁G with k + 2 trees that do not contain i →G j,410

Θ0
k(

˜︁G) = {F ∈ Θk( ˜︁G) : i ̸→F j} .411

We can thus write each coefficient nk as an affine sum,412

(3.4) nk( ˜︁G) = n+
k (

˜︁G) + n0
k(

˜︁G) ,413

where n+
k (

˜︁G) is the weighted sum over Θ+
k (

˜︁G) and n0
k(

˜︁G) is the weighted sum over Θ0
k(

˜︁G).414

Similarly, we can follow the same procedure to write dk as an affine sum; however, we need to415

construct different sets of spanning forests that contain k+1 trees instead of k+2 trees. For416

the sake of completeness, let Ψ+
k (

˜︁G) denote the set of spanning forests of ˜︁G with k + 1 trees417

that contain i → j, and Ψ0
k(

˜︁G) the set of spanning forests in ˜︁G with k + 1 trees that do not418

contain i →G j.419

With Eq. 3.4, we can expand Nr,q( ˜︁G, s) as follows,420

(3.5) Nr,q( ˜︁G, s) =

n−lr,q−1∑︂
k=0

sk
(︂
n+
k (

˜︁G) + n0
k(

˜︁G)
)︂
,421
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and apply the same step to D(s). From here, we return to our expression for HM
r,q(s) and plug422

these new expressions in,423

(3.6) HM
r,q(s) =

∑︁n−lr,q−1
k=0 sk

(︂
n+
k (

˜︁G) + n0
k(

˜︁G)
)︂

∑︁n
k=0 s

k
(︂
d+k (

˜︁G) + d0k(
˜︁G)
)︂ .424

Because each n+
k (

˜︁G) and d+k (
˜︁G) is linear in aji, we can multiply HM

r,q(s) by (1/aji)/(1/aji),425

426

(3.7) HM
r,q(s) =

∑︁n−lr,q−1
k=0 sk

(︃
n̂+
k (

˜︁G) +
n0
k(

˜︁G)
aji

)︃
∑︁n

k=0 s
k

(︃
d̂+k (

˜︁G) +
d0k(

˜︁G)

aji

)︃ ,427

where n̂+
k (

˜︁G) = n+
k (

˜︁G)/aji. Now we take the limit of HM
r,q(s) as aji → ∞:428

lim
aji→∞

HM
r,q(s) = lim

aji→∞

∑︁n−lr,q−1
k=0 sk

(︃
n̂+
k (

˜︁G) +
n0
k(

˜︁G)
aji

)︃
∑︁n

k=0 s
k

(︃
d̂+k (

˜︁G) +
d0k(

˜︁G)

aji

)︃ =

∑︁n−lr,q−1
k=0 skn̂+

k (
˜︁G)∑︁n

k=0 s
kd̂+k (

˜︁G)
.(3.8)429

By assumption (1), we know that limaji→∞HM
r,q(s) ̸= 0 strictly due to destruction of the430

measurement. Furthermore, based on the definition of a spanning forest and because i → j431

is an edge in G, then there must be at least one spanning forest of ˜︁G that contains the edge432

i → j. Thus, Θ+
k (

˜︁G) and Ψ+
k (

˜︁G) are nonempty and n̂+
k (

˜︁G), d̂+k (
˜︁G) ̸= 0. Therefore, the limit in433

Eq. (3.8) is well-defined. We conclude from this procedure that only those forests that contain434

the edge i → j in ˜︁G contribute to limaji→∞HM
r,q(s).435

Let us denote the set ∅ ̸= Ω+( ˜︁G) the set of all forests of ˜︁G that contain the edge i → j.436

Note that if F ∈ Ω+( ˜︁G), then F cannot contain any other edge that leaves i. Hence, if we437

invoke the asymptotic construction on the forest F , it yields a spanning forest of Ai,j [ ˜︁G]. This438

defines a mapping,439

(3.9) ξ : Ω+( ˜︁G) → Ω(Ai,j [ ˜︁G]) .440

where Ω(Ai,j [ ˜︁G]) is the set of all spanning forests of Ai,j [ ˜︁G]. Before we proceed, we must verify441

that the tree-count is preserved by this mapping. Suppose a forest F ∈ Ω+( ˜︁G) has k+2-trees442

on n+1 vertices (the n vertices of G, plus the leak vertex 0 in ˜︁G). It follows that F must have443

n+1− (k+2) = n− k− 1 edges. Because each F ∈ Ω+( ˜︁G) contains the edge i → j, i has no444

other outgoing edges. When the asymptotic construction acts on F ∈ Ω+( ˜︁G), it eliminates445

i and removes exactly one outgoing edge: i → j. Therefore, a forest ξ(F ) ∈ Ω(Ai,j [ ˜︁G]) is446

defined on n vertices and has n−k−2 edges, and thus it has n−(n−k−2) = k+2 trees. This447

is precisely the tree-count for the coefficient nk(Ai,j [ ˜︁G]), obtained by applying Prop. 2.19 to448

Ai,j [ ˜︁G]. We discuss what happens to forests under the mapping based on the amalgamation449

next.450
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We can see that any spanning forest F ′ ∈ Ω(Ai,j [ ˜︁G]) can also be lifted back to a spanning451

forest in Ω+( ˜︁G) by reintroducing the vertex i, unraveling any redirection and amalgamation,452

and adding back the edge i → j: thus, ξ(F ) = F ′. From this observation, we conclude that453

ξ is surjective. However, ξ is not injective. Because of the amalgamation in the asymptotic454

graph construction, it is not always true that w(ξ(F )) = w(F )/aji.455

To examine how the amalgamation acts on forests of ˜︁G, let us first consider a single forest456

F ′ ∈ Ω(Ai,j [ ˜︁G]) that contains amalgamated edges from z1, . . . , zm. For each such zk, a forest457

in the preimage ξ−1(F ′) contains either the edge zk →G i or the edge zk →G j. That is, each458

F ∈ ξ−1(F ′) is chosen by picking independently for each zk whether F contains zk →G i or459

zk →G j. Therefore, it follows that the number of forests in Ω+( ˜︁G) that contribute to the460

amalgamated forest F ′ is |ξ−1(F ′)| = 2m. We see from the definition of Ai,j [ ˜︁G] that ξ maps461

all the trees in ξ−1(F ′) to the same tree F ′ ∈ Ω(Ai,j [ ˜︁G]). Let µk = {aizk , ajzk}. We can write462

the weight of each F ∈ ξ−1(F ′) as,463

w(F ) = ajiα (µ1 · · ·µm)β ,464

where µk is either aizk or ajzk and α and β are polynomials in the remaining parameters of465

M, excluding aji. Any forest F can be modified by a simple surgery, which switches the edges466

zk →G i and zk →G j. This forest surgery allows every possible combination of such edges to467

be achieved without altering any other edges in F . We sum over all 2m preimages to obtain,468

(3.10)
∑︂

F∈ξ−1(F ′)

w(F ) =
∑︂

F∈ξ−1(F ′)

ajiα (µ1 · · ·µm)β = ajiαβ

m∏︂
k=1

(aizk + ajzk) ,469

where we recognize that summing the products µ1 · · ·µm over all 2m independent choices470

ofµk ∈ {aizk , ajzk} is precisely the expansion of
∏︁m

k=1(aizk +ajzk). Because each amalgamated471

edge zk → j in Ai,j [ ˜︁G] carries the label aizk +ajzk , and F ′ contains no factor of aji, the weight472

of F ′ is473

(3.11) w(F ′) = αβ

m∏︂
k=1

(aizk + ajzk) =
w(ξ−1(F ′))

aji
,474

where the last equality comes from Eq.3.10. ξ is now surjective, and its fibers form a partition475

of Ω+( ˜︁G). To obtain the full expression for nk(Ai,j [ ˜︁G], s), we sum over all F ′ ∈ Ω(Ai,j [ ˜︁G]),476

(3.12) n+
k (

˜︁G) =
∑︂
F ′

∑︂
F∈ξ−1(F ′)

w(F ) = aji
∑︂
F ′

w
(︁
F ′)︁ = ajink(Ai,j [ ˜︁G]).477

Thus, n̂+
k (

˜︁G) = nk(Ai,j [ ˜︁G]), and identically, d̂+k (
˜︁G) = dk(Ai,j [ ˜︁G]). Substituting into Eq. (3.8)478

yields limaji→∞HM
r,q(s) = HM⋆

r,q (s), as required.479

Because we have demonstrated that each entry ofHM, under the assumptions of Thm. 3.5,480

converges asymptotically to the corresponding entry of HM⋆
, it is natural to consider the481

generalization of Thm. 3.5 and the relationship between the full transfer function matrices482

HM and HM⋆
. First, we must note that HM differs in dimension from HM⋆

. So, any483
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comparison between matrices must be between the appropriate submatrix of HM and HM⋆
.484

Recall that the transfer function matrix is indexed by the input and output sets of a given485

compartment model. Thus, we must consider the submatrix of HM indexed by the inputs486

and outputs of HM⋆
. Additionally, according to Def. 3.2, it is possible that j ∈ In⋆ while487

j /∈ In. With these points in mind, we can state the following corollary.488

Corollary 3.6. Let M and M⋆ be linear compartment models as defined in Thm. 3.5. Sup-489

pose the hypotheses of Thm. 3.5 hold for each input, output pair (q, r) ∈ In⋆ × Out⋆. Let us490

further suppose that In⋆ ⊆ In and Out⋆ ⊆ Out. Let HM
[Out⋆, In⋆] denote the submatrix of HM491

with rows indexed by the set Out⋆ and columns indexed by the set In⋆. Then, it follows from492

Thm. 3.5 that limaji→∞HM
[Out⋆, In⋆] = HM⋆

.493

3.3. Topological and dynamical equivalence of linear compartment models. As we use494

Thm. 3.5 through the rest of the paper, it will be helpful to formally define concepts that495

allow us to compare different linear compartment models. It is possible for the underlying496

graphs of two linear compartment models to have the same topology, but differ in the way497

their edges are labeled. It is also possible for two linear compartment models with different498

underlying graph structures to have the same transfer function, and consequently, the same499

identifiability. We define these notions as topological equivalence and dynamical equivalence,500

respectively. It should be noted that dynamical equivalence adopts a different definition in501

other contexts, such as chemical reaction network theory [28]. The definition we give here is502

specific to the context in which we are investigating in this work.503

Definition 3.7. Two linear compartment models M1 and M2 are topologically equivalent504

if there exists a graph isomorphism ϕ : G1 → G2 that preserves the input, output, and leak505

structure. That is, M1 ∼top M2 if ϕ(G1) = G2, ϕ(In1) = In2, ϕ(Out1) = Out2, and506

ϕ(Leak1) = Leak2.507

Definition 3.8. Two linear compartment models M1 and M2 are dynamically equivalent508

if they have the same transfer function. That is, M1 ∼dyn M2 if HM1(s) = HM2(s).509

These definitions are independent: two models may be topologically equivalent without510

having the same transfer function, or dynamically equivalent despite having different underly-511

ing graph topologies. We will encounter both situations; see the Supplementary Information512

for an extended discussion on topological and dynamical equivalence. We further note that513

within a class of dynamically equivalent models, a linear compartment model’s structural514

identifiability in the transfer function setting is invariant. This is not true of topological515

equivalence, although two models that are topologically equivalent will have related identifi-516

ability based on the graph isomorphism ϕ between them.517

Remark 3.9. It should be noted that dynamical equivalence and topological equivalence518

are both closely related to input-output equivalence, or indistinguishability. Input-output519

equivalence implies dynamical equivalence, however the reverse can be untrue if one of the520

compared models contains parameters that are unidentifiable by insensitivity. Similarly, two521

models that are topologically equivalent may not be input-output equivalent, but will be522

indistinguishable based on the graph isomorphism ϕ between them.523

To illustrate Thm. 3.5, we compare the transfer function of a linear compartment model524
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In�ows to measured compartment

Cross-terms between unmeasured compartments

Leaks from unmeasured compartments

Figure 3: Illustration of the three canonical types of asymptotic compartment models obtained
from taking different infinite parameter limits in the 3-compartment cyclic model.

M under the limit of a single parameter going to infinity and that of the corresponding525

asymptotic linear compartment model M⋆ in the following example.526

Example 3.10 (Ex. 2.15 continued). Having obtained the transfer function matrix H1,1(s)527

in Ex 2.15, now we can explore sending different parameters to ∞ and compare the resulting528

transfer functions. From Lem. 3.4, we know that sending any parameter associated with an529

edge outgoing from 1 to ∞ will result in a transfer function of 0. Now, we consider what530

happens to the transfer function for this example when we take different singular parametric531

limits to ∞ (other than those outgoing from 1), illustrated in Fig. 3.532

Inflows to measured compartment: We first select a rate attached to an edge that is533

an inflow to the measured compartment 1. Let us apply the asymptotic construction to the534

3-compartment model via the parameter a12. The resulting asymptotic linear compartment535

model M⋆
a12 is given in Fig. 3. We compute its transfer function,536

(3.13)

H
M⋆

a12
1,1 (s) =

a03 + a13 + a23 + s

(a01a03 + a01a13 + a01a23 + a03a31) + (a01 + a03 + a13 + a23 + a31)s+ s2
.537

538

To compare, let us recall the full transfer function for the 3-compartment model in Eq. (2.8).539

If we take the limit a12 → ∞ of Eq. (2.8), we find that,540

H
M⋆

a12
1,1 (s) = lim

a12→∞
HM

1,1(s) ,541

which matches the conclusion of Thm. 3.5.542

Cross-terms between unmeasured compartments: Next, we consider the asymptotic543

construction applied to a rate associated with a cross-term between unmeasured compart-544

ments. Let us apply the asymptotic construction to the 3-compartment model along the545
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parameter a23. The resulting asymptotic linear compartment model M⋆
a23 is given in Fig. 3.546

The transfer function for M⋆
a23 is given by,547

(3.14)

H
M⋆

a23
1,1 (s) =

a02 + a12 + s

(a01a02 + a01a12 + a02a21 + a02a31) + (a01 + a02 + a12 + a21 + a31)s+ s2
.548

549

Once again, we compare H
M⋆

a23
1,1 (s) to the limit of HM

1,1(s) as a23 → ∞. We find that,550

H
M⋆

a23
1,1 (s) = lim

a23→∞
HM

1,1(s) ,551

which again matches the conclusion of Thm. 3.5.552

Leaks from unmeasured compartments: Sending a leak to ∞ results in amalgamation553

along the other leaks inM for this example. When we send a03 → ∞ in the full 3-compartment554

model, we obtain the asymptotic linear compartment model M⋆
a03 , which is given in Fig. 3.555

The transfer function for M⋆
a03 is given by,556

(3.15) H
M⋆

a03
1,1 (s) =

a02 + a12 + a32 + s

a11a22 + (a01 + a02 + a12 + a21 + a31 + a32)s+ s2
.557

The identifiable combinations of parameters are:558

a11a22 ,559

a02 + a12 + a32 = a22 ,560

a01 + a02 + a12 + a21 + a31 + a32 = a11 + a22 .561

Once again, if we compare H
M⋆

a03
1,1 (s) to the limit of HM

1,1(s) as a03 → ∞, we find that,562

H
M⋆

a03
1,1 (s) = lim

a03→∞
HM

1,1(s) .563

By Thm. 3.5, we know that HM⋆
aji (s) = limaji→∞HM(s) no matter which rate we select to564

send to ∞. The remaining singular limits and their transfer functions are listed in Sec. S3 of565

the Supplementary Information.566

The six singular parametric limits of the 3-compartment cyclic model computed in Ex. 3.10567

and in the Supplementary Information reveal a pattern organized by the symmetry classes of568

rates. For this example, we have the following symmetry classes of rates for M:569

• Inflows into compartment 1: {a12, a13}570

• Cross-terms between unmeasured compartments: {a32, a23}571

• Leaks out of unmeasured compartments: {a03, a02}.572

Within each class, we observe that the construction appears to produce transfer functions573

of the same structural form, differing only by an exchange of the indices 2 and 3. Consider574

the inflow class {a12, a13}. Sending a12 → ∞ yields a numerator a03 + a13 + a23 + s, while575

sending a13 → ∞ yields a02 + a12 + a32 + s. These polynomials are identical under the576

exchange of indices 2 ↔ 3. That is, we find a03 ↔ a02, a13 ↔ a12, and a23 ↔ a32. The same577

correspondence holds between the denominators, and for the transfer functions within each578

symmetry class.579
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Figure 4: Generic catenary (left) and mammillary (right) models.

3.4. Asymptotic construction on linear compartment model families. Certain families580

of linear compartment models are especially well-studied in terms of their structural identi-581

fiability [43, 13]. One such class is the class of cyclic models, including the 3-compartment582

model we have used as a running example in this work. Two other well-studied model families583

are mammillary and catenary models, which we define below.584

Definition 3.11. Let M = (G, In,Out, Leak) be a linear compartment model. Here, the585

input and output is conventionally placed in compartment 1.586

• M is a mammillary model if G = (V,E) is a bidirectional star graph, where V =587

{1, . . . , n} and E = {1 ⇋ 2, 1 ⇋ 3, . . . , 1 ⇋ n}. Here, 1 is designated the central588

compartment, which is connected to peripheral compartments 2, 3, . . . , n.589

• M is a catenary model if G = (V,E) is a bidirectional path graph, where V =590

{1, . . . , n} and E = {1 ⇋ 2, 2 ⇋ 3, . . . , n− 1 ⇋ n}.591

Here, we investigate the effect of the asymptotic construction on these model families.592

3.4.1. Mammillary models (star graphs). Because every edge in the directed graph of593

a mammillary model takes the form 1 → k or k → 1, where k ∈ {2, . . . , n} and 1 is the594

central compartment, it follows that 1 must always be either i or j. It is also evident from the595

structure of the mammillary graph that no amalgamation takes place under the asymptotic596

construction (unless we consider leaks). We consider below a few different cases for how the597

asymptotic construction affects the identifiability of a generic mammillary model of the form598

depicted in Fig. 4.599

Proposition 3.12. Let M = (G, In,Out, Leak) be a n-compartment mammillary model with600

1 as the central compartment and 2, . . . , n as peripheral compartments. Suppose aji → ∞,601

where aji is the parameter associated with edge i → j in G. Let602

M⋆ = (Ai,j [G], In⋆, Out⋆, Leak⋆)603

be the resulting asymptotic compartment model. Let i = 1 and j be any peripheral compart-604

ment. Then, M⋆ is no longer a mammillary model, as it has no outgoing edges from the605

central compartment j to any peripheral compartments.606
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Proof. For a mammillary model, all the edges in G are of the form k → 1 or 1 → k, for607

any peripheral compartment k. Because 1 is the central node in the mammillary model, it has608

bidirectional edges to all other vertices in G. Because 1 is the source of the asymptotic edge,609

compartment 1 is deleted as a result of Def. 3.2. All other compartments remain in Ai,j [G];610

that is, the vertex set of Ai,j [G] is V (Ai,j [G]) = V (G) \ {1}. As for the edge set of Ai,j [G],611

we can see from Def. 3.2 that every edge in G is affected by the asymptotic construction. All612

edges incoming to 1 are of the form k → 1 for each peripheral compartment k. Each of these613

edges are redefined in Ai,j [G] as k → j. There are no preexisting edges in G of the form k → j614

because peripheral compartments are not connected via direct edges in mammillary model615

graphs. The only edges incident to compartment j are 1 → j and j → 1, which are deleted by616

the construction as a result of 1 → j being the asymptotic edge. Thus, the topology of Ai,j [G]617

is that of a unidirectional star graph on n − 1 vertices where j is the central compartment.618

There are edges k → j for each peripheral compartment, as discussed above. There are no619

edges j → k because these edges did not exist in G. There are no other edges in Ai,j [G].620

Note that if i = 1 ∈ Out, then the measurement gets destroyed as a consequence of621

Lem. 3.4.622

Proposition 3.13. Let M = (G, In,Out, Leak) be a n-compartment mammillary model with623

1 as the central compartment and 2, . . . , n as peripheral compartments. Suppose aji → ∞,624

where aji is the parameter associated with edge i → j in G. Let625

M⋆ = (Ai,j [G], In⋆, Out⋆, Leak⋆)626

be the resulting asymptotic compartment model. Let j = 1 and i be any peripheral compart-627

ment. Then M⋆ is a mammillary model with n− 1 compartments, and j remains the central628

compartment. Additionally:629

1. Let 1 ∈ In and 1 ∈ Out, and i /∈ In,Out. Then In⋆ = In and Out⋆ = Out in M⋆.630

2. Let i /∈ Out and i ∈ In. Then In⋆ = (In ∪ {1}) \ {i} and Out⋆ = Out.631

3. Let 1 ∈ In and i ∈ Out. Then In⋆ = In and Out⋆ = Out \ {i}.632

Proof. As in Prop. 3.12, because M is a mammillary model, all edges in G are of the form633

k → 1 or 1 → k for any peripheral compartment k. Thus, Ai,j [G] maintains the mammillary634

model topology with vertex set V (Ai,j [G]) = V (G) \ {i} and E(Ai,j [G]) = E(G) \ {1 → i, i →635

1}. Applying the asymptotic construction on a mammillary model whose central compartment636

is the target of the asymptotic edge results in the elimination of the peripheral compartment i637

and the edges between i and 1. No amalgamation takes place, as there are no edges incoming638

to i other than 1 → i. No other edges in the graph are eliminated, as there are no edges639

outgoing from i other than i → 1. That is, no other edges or compartments are affected by640

the asymptotic construction. What remains is a mammillary model, with central compartment641

at 1, with one fewer peripheral compartment. Thus, M⋆ is a mammillary model with n − 1642

compartments.643

We now consider how the input and output paths are affected by the asymptotic construc-644

tion applied to the mammillary model. We first consider the case where 1 ∈ In and 1 ∈ Out.645

Because 1 is not the source of the asymptotic edge, then by Def. 3.2, neither the input nor646

the output localized at 1 are affected by the asymptotic construction. Thus, In⋆ = In and647
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Out⋆ = Out, as required. In the case where 1 ∈ Out and i ∈ In, as a consequence of Def. 3.2,648

the input at i moves to 1. Thus, In⋆ = (In∪{1})\{i}. The output at 1 is not affected by the649

asymptotic operation. Out⋆ = Out as i /∈ Out. This proves the second assertion. Finally, in650

the case where 1 ∈ In and i ∈ Out, as a consequence of Def. 3.2, the output at i is eliminated651

from M⋆. Thus, Out⋆ = Out \ {i}. If Out = {i}, it follows that Out⋆ = ∅. The input at 1 is652

unaffected by the asymptotic construction. Thus, In⋆ = In, as required.653

Corollary 3.14. Given the assumptions of Prop. 3.12, let us further assume that In = {i}654

and Out ̸= {i}. Then, as a result of applying the asymptotic construction on the edge i → 1,655

M⋆ is a n − 1 compartment mammillary model with central compartment 1, In⋆ = {1}, and656

Out⋆ = Out ̸= {i}.657

Proof. By Prop. 3.12, M⋆ is a mammillary model with n− 1 compartments. If In = {i},658

then by Def. 3.2 the input at i moves to 1. Thus, In⋆ = {1}. Out is unchanged as a result of659

the asymptotic construction, and so Out⋆ = Out. This proves the corollary.660

A complete three-compartment mammillary example, including the corresponding transfer661

functions under each symmetry class of limits, is given in the Supplementary Information.662

3.4.2. Catenary models. Unlike the cyclic and mammillary models, the catenary model663

lacks symmetry about the input and measurement compartment. Thus, the asymptotic con-664

struction has different implications on structural identifiability as measured by the transfer665

function for this class of models. A detailed three-compartment example illustrating the dis-666

tinct catenary limits is provided in the Supplementary Information. We explore more generally667

the ways in which Thm. 3.5 impacts the identifiable combinations of catenary models below.668

Proposition 3.15. Let M = (G, In,Out, Leak) be a catenary model with In = Out = {1}.669

Let 2, . . . , n comprise the remaining compartments. Let j be an interior compartment with670

neighboring compartments i = j − 1 ≥ 2 and k = j + 1 ≤ n. Suppose j ∈ Leak. Let671

M⋆
aij ,M

⋆
akj

,M⋆
a0j represent the asymptotic compartment models obtained from sending rates672

aij , akj and a0j → ∞, respectively. Then, the following statements hold:673

1. Any parameters associated with compartment k through compartment n (not including674

any inflows to k from j) are unidentifiable by insensitivity in M⋆
aij ,M

⋆
akj

,M⋆
a0j .675

2. M⋆
akj

and M⋆
a0j are dynamically equivalent.676

The proof of Prop. 3.15 is included in the Supplementary Information, and it is illustrated677

for the 4-catenary model in Fig. 5.678

3.5. Asymptotic construction’s effect on structural identifiability of a model. Having679

established that the limit of the transfer function correctly captures the identifiability of the680

limiting model, the natural following question is whether such limiting cases can lead to a681

change in a model’s identifiability. That is, can an unidentifiable model become identifiable,682

and vice versa? As we will show below, both are possible. When models become unidentifiable683

as a result of sending a parameter to infinity, that model often becomes unidentifiable due to684

insensitivity. We demonstrate these features with the following two examples.685

Example 3.16 (Recovering identifiability under the asymptotic construction). Consider a vari-686

ation on the 3-compartment catenary model M with In = {1}, Out = {3}, and Leak = {2}687

in Fig. 6.688
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Figure 5: Prop. 3.15 on the 4-catenary model. We consider the asymptotic compartment
models produced by sending different outflows from interior compartment 3 to ∞. From left
to right: sending a43 → ∞ eliminates compartment 3 and redirects the inflow 2 → 3 into
compartment 4; sending a23 → ∞ instead eliminates compartment 3 and redirects the inflow
4 → 3 into compartment 2; and sending the leak a03 → ∞ eliminates compartment 3 and turns
both of its inflows into leaks, amalgamated onto the existing leaks of 2 and 4; the resulting
model M⋆

a03 has 2 and 4 disconnected.

Figure 6: The asymptotic construction applied to an unidentifiable model may become identi-
fiable in the limit. A variation of the 3-compartment catenary model M, and the asymptotic
compartment model corresponding to a32 → ∞, M⋆

a32 .

For completeness, we provide the full transfer function for M in the Supplementary In-689

formation. M is not structurally identifiable; none of its five parameters are identifiable, as690

the parameters a21 and a32 enter the numerator only through the product a21a32 and cannot691

be separated from the input-output data. When we send a32 → ∞, we obtain the asymptotic692

compartment model M⋆
a32 , depicted in Fig. 6. Its transfer function is,693

(3.16) H
M⋆

a32
3,1 (s) =

a21
s2 + a21s

.694

We can see that the asymptotic compartment model M⋆
a32 is structurally identifiable, as the695
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sole remaining parameter a21 appears in Eq. (3.16) and is recovered uniquely from the transfer696

function. It is worth considering the mechanism. In the original model’s transfer function (see697

SI for the full expression), a21 and a32 are entangled in the numerator coefficient so neither698

can be identified individually. Sending a32 → ∞ removes a32 from the model entirely. All699

the other outflows from 2 and the rates between 2 and 3 are also eliminated through the700

asymptotic construction, leaving a21 as the sole parameter in the model. Identifiability is thus701

recovered not by disentangling an unidentifiable combination, but by eliminating all but one702

parameter through the asymptotic construction.703

Figure 7: The asymptotic construction applied to an identifiable model may become uniden-
tifiable in the limit. An identifiable 3-catenary model M, and the asymptotic compartment
models corresponding to a02 → ∞ and a12 → ∞, M⋆

a02 and M⋆
a12 respectively.

Example 3.17 (Rendering a model unidentifiable under the asymptotic construction). We now704

consider a variation on the identifiable catenary model M, which is depicted in Fig. 7. Here,705

we consider two different infinite parameter limits of M. The first limit is a02 → ∞, which706

generates M⋆
a02 . Its transfer function is given by,707

(3.17) H
M⋆

a02
1,1 =

a23 + s

(a21 + s)(a23 + s)
=

1

a21 + s
.708

The second limit is a12 → ∞, which produces M⋆
a12 . Its transfer function is given by,709

(3.18) H
M⋆

a12
1,1 =

a23 + s

s(a23) + s2
=

1

s
.710

As evidenced by Fig. 7 and Eqs. (3.17)- (3.18), both asymptotic compartment models M⋆
a02711

and M⋆
a12 are unidentifiable by insensitivity.712

Through these examples, we have shown that it is possible for the asymptotic construction713

to recover identifiability from an unidentifiable linear compartment model. A larger four-714

compartment example exhibiting the same loss of identifiability by insensitivity is provided in715

the Supplementary Information. We have also shown that the asymptotic construction may716

render an identifiable linear compartment model unidentifiable. However, in both examples717

we displayed here, the model is not only unidentifiable but unidentifiable by insensitivity. The718

preceding examples suggest an interesting phenomenon: if an identifiable linear compartment719

model becomes unidentifiable when a parameter is sent to infinity, is this only possible if the720

model becomes unidentifiable by insensitivity? We state below a conjecture:721
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Conjecture 3.18. Let M be an identifiable linear compartment model. Suppose M⋆ is the722

corresponding asymptotic linear compartment model obtained by sending aji → ∞, where aji723

is the parameter associated with the edge i → j ∈ E(G). If M⋆ is unidentifiable, then it must724

be unidentifiable by insensitivity.725

As we have observed this phenomenon primarily through a collection of examples, it726

remains to be seen to what extent this conjecture holds in generality.727

4. Discussion. Timescale separation or fast-slow dynamics are quite common in many728

modeling and mathematical biology applications [25, 33, 41], and are typically represented by729

considering infinite limits for parameters representing particular processes. However, while the730

implications for the identifiability of these infinite parametric limits are sometimes considered731

for individual models [11, 17], or for exploring practical identifiability and sloppiness [42],732

there has so far been little or no theoretical work exploring how structural identifiability is733

impacted for larger classes of models. Here, we explore this question for a commonly used734

class of models, linear compartment models, using graph-theoretic approaches developed in735

the setting of chemical reaction networks [39] and the linear framework [26, 27]. We show736

here that the transfer function for a linear compartment model, as well as its associated737

identifiability implications, will commute with the infinite parameter limit, enabling us to738

determine model identifiability for any limiting cases of the model directly from the original739

model transfer function. We then illustrate some of the implications of this theorem for a range740

of commonly used model classes, particularly mammillary and catenary models. Furthermore,741

we hypothesize that the construction limits the ways in which an identifiable model can become742

unidentifiable, through the concept of a model being unidentifiable by insensitivity.743

The work here focuses on the transfer function approach to elucidate a linear compartment744

model’s structural identifiability. Because the transfer function is a rational function that745

can be expressed in terms of polynomials of the parameters [39], it was especially ideal for746

taking limits of parameters and investigating the effect on the structural identifiability for747

classes of models. However, the transfer function often assumes the model to have zero initial748

conditions [1, 3]. A future goal will be to revisit this analysis with generic initial conditions,749

e.g. represented as delta function inputs to the compartments with an unknown scaling750

parameter. Another natural follow-up question to this work is how the analysis presented751

here will extend to the differential algebra approach to structural identifiability. Much work752

has been done using graph-theoretic approaches on linear compartment models as a setting to753

understand structural identifiability [8, 9, 10, 24], and even how network operations performed754

on linear compartment models affect a model’s structural identifiability [23]. However, the755

key objects of the differential algebra approach, namely the input-output equations, are not756

rational functions like the transfer function, making them potentially more difficult to work757

with in the infinite limit setting. A future direction will be to explore connections to the758

differential algebra method and how single parametric limits affect the input-output equation.759

Aside from the immediate extensions of our work, this paper opens up many other exciting760

areas of exploration related to structural identifiability and unidentifiability. Throughout this761

paper, we have included many examples of single-input single-output (SISO) models. One762

can imagine a host of additional results in the vein of Prop. 3.12, Prop. 3.13, and Prop. 3.15763

that may emerge when considering multi-input multi-output (MIMO) models. It should be764
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noted that the results in this paper can naturally extend to MIMO models. However, there765

are patterns that can emerge in this setting that we do not observe in the SISO case. For766

example, if a limit splits a model into two pieces with one input-output in each portion, the767

cross terms of the transfer function (between the two portions) will now be zero. Proving768

patterns such as these is an interesting direction for future work. We have also introduced769

the topics of topological and dynamic equivalence, which are related to the well-characterized770

notion of indistinguishability in the identifiability literature [10, 16].771
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